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SUMMARY
Recent experimental studies suggest that the hairpin vortex plays an
important (and perhaps dominant) role in the dynamics of turbulent flows near
walls. In this study a numerical procedure is developed to allow the accurate
computation of the trajectory of a three-dimensional vortex having a small
core radius. For hairpin vortices which are convected in a shear flow above a
wall, the calculated results show that a two-dimensional vortex containing a
small three-dimensional disturbance distorts into a complex shape with
subsidiary hairpin vortices forming outboard of the original hairpin vortex.
As the vortex moves above the wall, it induces unsteady motion in the viscous
flow near the wall; numerical solutions suggest that the boundary-layer flow
near the wall will ultimately erupt in response to the motion of the hairpin
vortex and in the process a secondary hairpin vortex will be created. The
computed results agree with recent experimental observations.
INTRODUCTION
It has often been suggested that the hairpin vortex is a basic building
block in the dynamics of turbulent flows near walls (refs. 1 to 5). Such
vortices have been observed in a number of careful experimental studies
(refs. 2, 4, and 5). The experiments of Acarlar and Smith (refs. 4 and 5)
were carried out by introducing hairpin vortices into an otherwise laminar
boundary layer and subsequently observing their evolution as well as their
effects on the rest of the flow; these experiments suggest that hairpin
vortices are regenerative in at least two ways: (I) a hairpin vortex
convected in a shear flow appears to be able to multiply itself in the
spanwise direction in the sense that subsidiary hairpin vortices were observed
to form outboard of the original hairpin vortex and (2) hairpin vortices
appear to actuate the creation of secondary hairpin vortices through an
eruption of the viscous flow near walls and a subsequent viscous-inviscid
interaction. In this computational study, phenomena directly relevant to the
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experiments of Acarlar and Smith (refs. 4 and 5) will be addressed. In
particular, calculations related to two aspects were carried out: (I) the
time-dependent evolution of a hairpin vortex in a shear flow above a wall and
(2) the response of the viscous flow near the wall as the hairpin vortex
passes by. Since the Reynolds numbers associated with the vortex motions
within turbulent boundary layers are large, the subsequent analysis is carried
out based on equations and concepts which are valid in the limit of infinite
Reynolds number; here the objective is to determine basic fluid mechanics
phenomenaand trends that are realized asymptotically over a range of Reynolds
numbers. In such circumstances, there are two (and eventually three) regions
of the flow field where the effects of viscosity are important. The hairpin
vortex is taken to convect in an effectively inviscid flow above the wall but
viscosity is important near the vortex core where sharp variations in the flow
field occur locally; viscosity is also important near the wall where the
moving vortex induces an unsteady boundary-layer effect. Eventually moving
vortices are known to trigger an unsteady separation effect near the wall
(refs. 6 and 7) and to cause an eruption of the flow near the wall: in such
circumstances, moving viscous layers erupt from the wall and penetrate into
the outer inviscid region in an interaction which is complex (refs. 8 and 9)
and (as yet) not well understood. In the present study, only events leading
up to this last type of phenomenon will be considered.
It is worthwhile to mention that in recent times, there has been an
increasing interest in performing direct numerical simulations of turbulent
flows such as fully-developed turbulent flows in channels (refs. I0 and II).
In such computations, the full three-dimensional unsteady Navier-Stokes
equations are solved over a period of time for a limited portion of the
channel, subject to various assumptions concerning periodicity in the spatial
directions. One objective of such studies is to try to develop an
appreciation of the complex physical processes that take place in the
turbulence, particularly near solid walls. At present, it has only been
possible to perform these simulations for fairly low Reynolds numbers and with
numerical grids that give rather limited spatial resolution. Inevitably,
large masses of numerical data are generated in this approach and to attempt
to answer questions concerning cause and effect relationships, it is necessary
to search through the data records for events which appear significant and to
then make some type of interpretation. Despite the aforementioned
difficulties, it has been found (ref. ll) (by tracing estimates of the
instantaneous vortex lines) that there is evidence of vortex structures in the
computed results which appear to be similar to hairpin vortices.
In the present study, a somewhat more fundamental approach was taken,
which was guided to a large extent by experimental observations. The studies
of Head and Bandyophadyay (ref. 2) and Acarlar and Smith (refs. 4 and 5)
provide convincing evidence that hairpin vortices are an important dynamical
feature of turbulent flows near walls. Consequently the objective of this
study was to develop a better understanding of the dynamics of a convected
hairpin vortex near a wall, as well as the type of viscous flow response close
to the wall. In the near-wall region, a turbulent flow is highly sheared in
the streamwise direction; therefore the evolution of a hairpin vortex in a
linear shear flow near a wall was considered to be the simplest well-defined
problem which nevertheless captures many of the features of the environment of
a turbulent flow near a wall. The general problem of hairpin vortex evolution
is complicated since it is necessary to numerically compute the trajectory of
a three-dimensional space curve, which carries a viscous core region with it
and which deforms with time into complex shapes. In the present study, the
hairpin vortex was assumed to initiate as a small perturbation in an otherwise
two-dimensional vortex.
VORTEXCALCULATIONMETHODS
In situations where the vortlclty is concentrated in vortex tubes of
small cross-section, the evolution of the flow field is readily computed using
Lagrangian methods. For a single vortex tube with circulation r, a vortex
Reynolds number may be defined as r/_, where v is the kinematic viscosity;
for large vortex Reynolds numbers, the cross-sectional area of the vortex core
region is generally small and at any instant the vortex position is defined as
a three-dimensional space curve. The instantaneous flow due to the vortex is
described by the Biot-Savart law, viz.:
u(x0): - It0 - 3 x +  ext( O) (I)C
Here (x,y,z) are Cartesian coordinates as indlcated in _Igure I, _0 is a
position vector to an arbitrary location in space and Uext is a background
velocity field; s measures distance along the curve C defining the vortex
and t is the unit tangent. The sense of positive vorticity is given by the
right-hand rule and for the situation depicted in figure I, the vortex has
negative rotation. Note that according to Kelvin's theorem, the circulation
r about the vortex core is constant in time and along the length of the
vortex.
Since _(_0) = a_01at, equation (I) apparently defines a differentia,
equation to _rack the trajectory of each point on the vortex forward in time.
However as X0 approaches a location on the curve C, the integrand in
equation (l) becomes singular and consequently the velocity field described by
the Biot-Savart law must be interpreted as an outer inviscid solution which is
not uniformly valid near the vortex core. To define a ratlona] calculation
procedure, it is necessary to match any solution obtained from equation (I)
with an inner viscous solution in the vortex core and thereby take into
account how the evolving core flow influences the overall vortex motion. A
general method of this nature has been described by Callegari and Ting
(ref. 12) for vortices which form closed loops. At present there is no
corresponding theoretical framework for infinitely long vortices. However an
alternative approach which has proved effective for closed loop vortices and
which gives essentially similar results is due to Moore (ref. 13); in this
method the singularity in equation (I) is avoided by artificially introducing
a small parameter _ in the denominator of the integrand. Generally N is
proportional to the core radius a and the precise relationship is
established by insisting that the integration formula collapse to give known
exact results for a translating circular vortex ring in an infinite and
otherwise stagnant medium. In this manner, N/a is obtained as an expression
involving integrals of the swirl and axial velocities in the vortex core
(refs. 14 and 15). A further feature of Moore's (ref. 13) algorithm was
motivated by considerations of numerical acc_rac#; for small values of a and
hence p, the integrand varies rapidly near -X =-X0 and Moore (ref. 13)
obtained the leadingterm in an expansionabout this point. If s denotesa
Lagrangiancoordinatemeasuredalong the vortex and so is a specificpoint,
the form of Moore'salgorithmis
C
+ _-_L_'jo x _'@--_Jo P(s)ds + Uext , (2)C
where
2
0.5(s - sO)
P(s) = [ 2{B__2 ]3/2 (3)(s - so) \ s/0 + 2
In these equations,the subscript 0 indicatesthat a quantity is evaluated
at s = so. The apparentadvantageof this procedureis that the integrandin
the first integralin,equation(2) is O(1) everywherewhile the second
integralis easily evaluatedanalytically(ref. 16).
This vortex calculationmethod has been used with good successby various
authors (refs. 13, 17, and 18); howeverin all these studiesfairly large
valuesof the vortex core were used Ca ~ O.l to 0.3). In the present study
the objectivewas to computethe evolutionof hairpinvorticesclose to solid
walls and to avoid situationswhere the vortex core impactedthe wall at
relativelyearly stages;thus it was considereddesirableto be able to
calculatecases with very small vortex cores. UnfortunatelyMoore's (ref. 13)
algorithmexhibits strong numericalinstabilityfor small valuesof a
(ref. 16); this instabilitybecomesworse when the spatialmesh size along the
vortex is reducedand results in the rapid evolutionof unrealisticsharp
cornersin the calculatedcurves definingthe instantaneousvortex position.
This problem is associatedwith the numericalevaluationof the first term in
the i_tegrandof equation (2); for small N, numericalerrors in the evaluation
of 8X/Bs are magnifiedby the small denominatornear s = so. If R(s,sO)
denotesthe integrandin the first integralin equation (2), it can be shown
(ref. 16) that
* 4
_(s,s O) = _l(S - So)3 + A2(s - so ) , (4)
where A1 and A2 are vectors definedby
Al_ l x 3 " x o)(S-So)2+ 15)3y3/2 4y5/2 ..-,
A2"_ 13/2<3_6x_6'"+2-O_'×_-_> 5/21<_6"_6'><_6x "><s-So>z
24y 2y
1 , So)2s/2<a_6''_6*4_6"_6"_<_6x_6><s- +.... <6>
16y
Here the primes denote differentiationalong the vortexwith respect to s,
a subscript 0 indicatesthat a quantity is evaluatedas s = so and y is
definedby
s0>2<_6>22y = (S - + W (7)
A calculationproceduremay then be formulated in which the first integrandin
equation(2) is representedlocallynear s = so by the first two terms in
the expansion(4) and outside this range by (:onventionalnumerical
evaluation. Note that the local intervalnear s = so, for which the
expansion(4) may be appliedwith good accuracy,is dependenton the mesh used
to discretizethe vortex as well as the instantaneousshape of the vortex. In
practice,the representation(4) was used at the first one or two mesh points
on either side of s = so.
THE HAIRPINVORTEX
The hairpin vortex was assumed here to initiate as a small three-
dimensional disturbance in an otherwise two-dimensional vortex. It is
convenient to define dimensionless variables and to this end consider the
situation depicted in figure 2(a) where a rectilinear vortex of strength
Is located a distance d above a plane wall. For the indicated sense of
circulation, inviscid theory predicts that the vortex will move continuously
to the left with self-induced speed
U0 = K/2d , (8)
and remain at constant height d above the wall. Now consider the more
complex situation depicted in figures 2(b) and (c) where a hairpin vortex is
in motion above the wall. At large distances from the halrpin portion, the
vortex will continue to behave as if two-dimensional. It is therefore
convenient to define dimensionless variables in terms of d and the
self-induced speed in equation (8); all following equations are assumed to be
in terms of these dimensionless variables. Note that the magnitude of the
circulation is related to the vortex strength _ by Irl : 2_ and for the
situations of interest here r < O.
The initialvortex configurationused %s of the form
Here (_,j,k)are unit vectors in the (x,y,z)directionscorrespondingto the
streamwise,normal and spanwisedirectionsrespectively. This configuration
is a two-dimensionalvortex locatedat a distance l from the wall with a
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three-dimensional distortion which is symmetrical about s = O; the parameter
s is a Lagrangian coordinate which ranges from -_ to _ along the vortex.
In addition A represents the amplitude of the distortion and _ is the
angle that the plane of the distortion makes with the wall; B is a (large)
number whose value determines the effective spanwise width of the initial
distortion.
For a vortex of infinite length which is convected in a background flow
Ubi above a plane wa11, the equation of motion is obtained from (2) and in
dimensionless variables is of the form
. 7
ax _ (So,t) + (I0)(So,t) : j Uext •
j:1
ere sO denotes a typical nodal point on the vortex and the vector integrals
j will help be defined in the following discussion. The integral in
equation (2) along the vortex is split into three parts corresponding to" (I)
a symmetric interval (s O - h, sO + h) where the representation (4) of the
integrand is used; (2) integrals over the main curved part of the vortex and
(3) the range outboard of the disturbance where Isl > _. and where the vortex
was assumed to remain a straight line. The half-length of the interval about
sO must be small enough so that equation (4) gives a convergent
representation of the integrand; after some trials, it was deternHned (for the
mesh distributions used in this study) that a convenient choice for h
corresponded to one mesh length in s. For Isl > _, the equation of the
vortex i s
_(s,t) : (Ub t)T + + sk, Isl > (11)
It should be noted that _ must be selected large enough to ensure that there
is no significant effect of E on the development of the hairpin vortex; as
the vortex disturbance spread with time in the spanwise direction, it was
necessary to continually increase the value of E.
The first vector integrals in equation (I0) correspond to integrations
along the main curved part of the vortex and
-h
II = -_ (S'So't)ds ' 12 = h ,So,t)ds , (12)
r
where
Qv: - '<(i 0_ 12+ ).,2)3!2+ laSjo×  ,aS2jo
The vector integral near the field point s = so is given by
6
h= R(S,So,t)ds, (14)13 -h
where _ is given by equation (4). The vector integral over the straight
portions of the vortex is
-p. _o
_4 = Qvoods + Qv=dS , (15)
_oo Q,
where
_w aR (_0-_>= - _-_x 312 (16)
Here _ is evaluated along the straight portion of the vortex and is given by
equation (11); an analytical expression for 14 is readily o_tained through a
straightforward integration (ref. 16). The vector integral 15 Is given by
= x P(S,So)ds , (17)LVJ0
which is also easily evaluatedanalytically(ref. 16). Finally _6 and _7
representintegralsover the curvedand straightportionsof the image vortex
below the wall, respectively,and
= , 17 = ds + ds (18)6 _E __
Here
a_i ( 0-xi>
Qi - 8s x • • 3 ' (19)IXo-XiI
and _i d_notesa vector to an arbitrarylocationon the image vortex below
the wall; 17 may also be evaluatedanalytically(ref. 16).
CALCULATEDVORTEXTRAJECTORIES
Starting from the initial vortex configuration in equation (9), the
subsequent shape of the vortex was tracked forward in time using the standard
fourth-order Runge-Kutta algorithm. The initial vortex was split |nto a
number of equal increments in the variable s and the subsequent motion of
each point (corresponding to a fixed value of s) was computed. The gradients
of _ along the vortex were evaluated using central difference formulae and
the integrations along the vortex were carried out using Simpson's rule. The
vortex core was assumed to be in a state of solid body rotation with no axial
flow along the core; it is easily shown (refs. 14 and 15) that N in
equations (13) and (16) is related to the core radius a by
= e-3/4a , (20)
in such circumstances. Other core velocity distributions may be assumed but
the effect on the overall vortex motion is weak and only affects the constant
of proportionality in equation (20). In all cases, the dimensionless vortex
core was assumed small (a = 0.02) and was held constant during the integration.
Consider first the case where the vortex develops in an otherwise
stagnant flow (with Ub = 0 in equation (II)) above the wall. Computed
results are shown in figure 3 for a case with initial amplitude A : 0.5,
angle of inclination = = 45° and spread parameter _ = 20. Initially the
self-induced velocities predicted by the Biot-Savart law are quite large near
s = 0 where the vortex curvature is largest; thus it proved necessary to use
rather small time steps in order to avoid the occurrence of "wiggles" and
sharp corners in the vortex shape. A time step of At = 0.0002 was used in
the integrations with a uniform mesh size of As : 0.005; initially the value
of £ used was 2 and the computation thus started with 800 points along the
vortex. As time increased and the vortex disturbance spread to the side, the
value of £ was increased to £ = 3.0 at t : 0.03 and then to £ = 4 at
t : 0.06. Nith an increased number of points on the vortex, the calculations
become very time consuming and were stopped at t = 0.072 when the general
trends were evident. The vortex evolution in top, side, and end views is
displayed in figure 3 where the vortex position has been drawn every 40 time
steps. It may be observed that the head of the vortex (corresponding to the
tip of the distortion) moves rapidly backward and uItlmately moves downward
toward the wall. The rate of movement of the vortex head should be contrasted
with the relatively slow movement of the straight portions of the vortex which
advance upstream in the velocity field of the image. It is evident that the
vortex evolves in such a manner so that high local curvature is rapidly
diminished. The portion of the curved part of the vortex nearest the wall
begins to develop "legs" which curl backward in a counter-clockwise direction;
the disturbance moves down toward the wall and spreads in the spanwise
direction. With the evolution of the vortex legs, new subsidiary hairpin
heads evolve in the spanwise direction to the side of the main disturbance.
By t : 0.072 the genera] trend is well established; the disturbance is
expected to continue to propagate to the side without significant
amplification in the streamwise direction, as the vortex turns itself into a
"corkscrew" shape. This pattern of evo]ution appears to be independent of the
shape and amplitude of the initial distortlon and was also obtained for
different initial disturbance configurations (ref. 16). It is important to
note that although the calculations were carried out for a stagnant background
flow, the same evolution occurs for a background uniform flow with the
exception that the changing vortex is progressively convected to the right
(for Ub > 0). [
Whenthe vortex is convected in a shear flow, the changes in the vortex
trajectory are rather more dramatic and the most important effect is
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associated with an increase in extent of the vortex in the streamwise
direction. Consider the following simple shear flow
yV/Ys ' Y _ Ys '
Ub(Y) = (21)
V , Y > Ys '
which is linear near the wall and then is uniform for Y > Ys; the situations
of interest correspond to a disturbance developing in a strong shear flow.
Vortex trajectories for a number of cases have been obtained in reference 16;
here the results of one representative case will be described. For the
initial vortex configuration in equation (9), the self-induced velocities near
the head of the vortex are initially about 25 units to the left. For the case
detailed here, V = 250 and Ys = 1.5; thus the uniform flow, at distances far
from the wall, has a speed about I0 times larger than the maximumself-induced
velocities. This simulation therefore describes the evolution of a
three-dimensional disturbance riding on a strong shear flow. The computed
trajectory is depicted in figure 4 where the vortex position is plotted about
30 time steps (At = 0.0002) and the initial vortex parameters are the same as
for the case depicted in figure 3. It may be observed that the streamwise
extent of the initial hairpin vortex grows as it convects downstream in the
shear flow. The vortex head lifts away from the wall and eventually rises
into the uniform flow region. The vortex legs, which develop outboard of the
vortex head, begin to move progressively toward the wall and to trail behind
the undisturbed two-dimensional portion of the vortex. Nith the development
of the legs, new subsidiary hairpin vortices begin to form and develop to the
sides of the original disturbance; as the subsidiary hairpin vortices form,
the heads bend back and rise from the wall. The calculation was carried out
to t = 0.06 and during the integration it was necessary to increase _ to 3
and then to 4. A continuation of the integration is depicted in figure 5 up
to t : 0.078 with the vortex position plotted every 15 time steps. It may be
observed that the trends seen in figure 4 continue until eventually the vortex
legs, immediately to the side of the primary hairpin vortex, touch the wall
just after t = 0.078, thus terminating the computation.
The present results provide a detailed time history of the evolution of a
vortex in a shear flow; a major effect of the shear flow is to spread the
originaldistortiondramaticallyin the streamwisedirection. Further
calculations(ref. 16) show that increasedlevelsof shear lead to an
increasedrate of spreadingin the streamwisedirection. The disturbancealso
spreadsrapidly in the spanwisedirectionproducinga seriesof similar
distortionsreferredto here as subsidiaryvortices. It should be noted that
the presentresultsare similarto those obtained by Aref and FIinchem
(ref. 19) who used a "localizedinduction"method due to Hama (ref. 20): in
this approach,the image vortex is ignored (as well as the effect of most of
the main vortex)and the self-inducedvelocity is evaluatedfrom the
contributiondue to a small arc surroundingthe point in question. The
computedresultsare also in broad agreementwith the experimental
observationsof Acarlarand Smith (refs. 4 and 5) who artificiallycreated and
observed the motion of hairpinvortices in a sub-criticalboundary-layerflow;
these authorsnoted: (1) the tendencyfor the vortex head to bend back and
rise from the wall; (2) the trend for the vortex legs to move downward toward
the wall and (3) the evolutionof subsidiaryhairpinvorticesoutboard of the
primary hairpinvortex.
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THE BOUNDARYLAYER
As the hairpin vortex is convected in the shear flow, it induces a
complex unsteady three-dimensional boundary-layer flow on the wall and the
nature of this viscous response to the motion is considered in this section.
At any instant, the velocity induced by the moving vortex is
. ]a_h (_0-_h) a_i (X0-*_i)u(X0,t) = sgn(l') x - -l 0_ h13ds- aT x T31xo_Xids , (22)--OO --CO
where _0 i_ a vecto_ to any location in the flow which is not on the hair-pin vortex; h and Xi are vectors to the hairpinand image vortices
respectively. The inviscidvelocity distributionnear the wall is obtained by
takingthe limit as y . 0 in equation (22) and this results in expressions
for the streamwiseand spanwisevelocity distributions,Uw(x,z,t) and
Nw(x,y,z) respectively. Calculationof the full unsteady three-dimensional
boundary-layerdevelopmentrequires computationalresourceswhich were beyond
what was availablein the present study; however in order to gain an
appreciationof the nature of the viscousflow near the wall, the evolutionof
the boundary layer was calculatedon the symmetryplane of the hairpin z = 0
using a procedureoutlined in reference21. Denotingthe limit of Uw as
z . 0 by U_(x,t), it is easily shown (ref. 16) that
(3O
I 0Zh
lYh aT- - Zh as J ds (23)U (x,t) = 4 sgn(F) 3/2
[(x - xh)2 + yh2 + Zh2]
0
Here (xh,Yh,Zh) denote locationsalong the curve definingthe vortex, which
changewith time. The temporaldevelopmentof U_ is depicted in figure 6.
At t = O, the streamwisevelocitydistributionnear the wall shows a region
of strong decelerationand then acceleration. As time increases,the vortex
head moves progressivelyaway from the wall and the maximum inviscld speed
near the wall diminishesslightly. At a later stage (t = 0.04), the hairpin
head has moved furtherfrom the wall but has also translatedfurther
downstreamas the vortex is stretchedout in the shear flow; the influenceof
the moving hairpinhead may be seen in figure 6 at t = 0.04 where a
distentionhas developedin the U_ distributionnear x = II. Nith the
passageof time, the distentiondevelops into a local minimum which may be
observed at t = 0.05 near x = 14, at t = 0.06 near x = 15 and then near
x = 18 at t = 0.07. This effect is directlyassociatedwith the moving
vortex head which is convecteddownstreammost rapidly and which always
inducesa regionof deceleration-accelerationbeneath it. As the vortex
begins to developsubsidiaryhairpinheads, additionallocal minima are
observed;for example,the local minimumnear x = 12 at t = 0.06 (and near
x = 13 at t = 0.07) is associatedwith the subsidiaryhairpinheads which
first form outboardof the primaryhairpinvortex. Note that with increasing
time, the streamwisevelocitynear the wall is influencedover increasing
streamwisedistances.
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The spanwisevelocitydistributionnear the wall vanishesas z . 0 but
Ww ~ ze_(x,t)= ... as z . 0 , (24)
where it may be shown (ref. 16) that
:o
[0xhYh _ + (x - xh) as Jeo!x,t) =-12 sgn(£)
[(x - Xh)2 + yh2 + Zh215/2 zhds (25)
It follows that e_ is proportional to the spanwise velocity near the
symmetry plane and the temporal development of e_ is shown in figure 7. It
may be seen that, as the hairpin vortex is stretched out in the shear flow,
there is a spanwise inflow (e_ < O) which is of increasing magnitude as time
passes; this occurs because of the development and movement of the hairpin
legs toward the wall. By t = 0.06, the e_ distribution is developing a
complicated form with very strong inflow toward the symmetry plane occuring at
the streamwise location where the vortex legs are closest to the wall. It
should be noted that the e_ is not entirely negative and changes sign (even
at early times) at an x location to the left of the minimum e_. One other
feature of interest is that by t = 0.06, the streamwise range over which
significant values of e_ occur has expanded considerably; to some extent,
the induced inflows are similar to that which would be generated by a pair of
counter-rotating streamwise vortices (except near the vortex legs).
The boundary layer on the symmetry plane z : 0 develops independently of
the rest of the three-dimensional unsteady boundary layer and does give some
insight as to the viscous response to the moving hairpin vortex. The Reynolds
number for the boundary-layer flow may be defined by
Re : Uod/v , (26)
where U0 and d are the self-inducedvelocityand distance from the wall of
the two-dimensionalportionof the vortex respectively. A scaled normal
coordinateand normal velocity in the boundary layer are defined by
y' = y ReI/2 , v' = v ReI/2 (27)
In the boundary layer, u and v' are symmetricabout z while w is an
odd functionof z, viz."
w ~ ze(x,y,t) as z . 0 . (28)
Substitutinginto the three-dimensionalboundary-layerequationsand taking
the limit z . 0 leads to the following specialformof the boundary-layer
equationson the symmetryplane:
au au 8u 8U 8u a2u
a-_+ u _ + v' ay' - at + U _-_ + (29)
ay,2 '
II
8e 8e v' 8e e2 Be= Be= 2 82eat + u b-T-+ a-T + - at + U a-T-+ e= + (30)
By,2 '
8U av'
a-x + _ + e = 0 , (31)
with the boundary conditions
O = u = v' : 0 at y' = 0 ; u . U_ , e . O_ as y' . _ (32)
To solve this system, it is convenient to introduce functions @(x,y',t) and
_(x,y',t) defined by
e : _ @(x,O,t) : 0 (33)By '
u v=
= ay ' - @x- _ ' 9(x,o,t) = 0 , (34)
and for which the continuity equation is identlcally satisfied.
The streamwise coordinate ranges from -= to _ and for the numerical
computations, it is convenient to transform to a new variable _ defined on
the finite range (-1,1) by
Ix- x_(t) + _]_ = _2tan-] _ (35)
Here x£.(t) represents the instantaneous streamwise location of the
undistu'bed two-dimensional portion of the vortex. The factors of _ were
chosen with the objective of transforming the streamwise position of the
trailing legs of the vortex to locations near _ = 0.5. Genera]ly an
objective of a transformation like equation (35) is to expand regions where
the streamwise velocity distribution is undergoing intense variations; in the
present case, this is a difficult task since the locations of severe variation
in U_ are constantly shifting in time. It was found by trial and error
(using many transformations like (35)) that the form selected for the
transformation was important and that unless particular care was taken to
properly represent regions of intense variation in e_ and U_, significant
inaccuracies occurred in the numerical boundary-layer solutions. The
transformation in equation (35) does a reasonable job at accomplishing the
aforementioned objectives but becomes increasing]y unsatisfactory as the
hairpin legs move closer to the wall (at x locations which become
progressively less than x_ with increasing time). It _s possible, for
problems of this nature where the zones of intense variation in the inviscid
dlstributions constantly shift with time, that a time-dependent series of
adaptive transformations might be more satisfactory.
The boundary-layer computations were initiated at t = 0 when it was
assumed the effects of viscosity became abruptly important near the wall. For
all t > O, a thin unsteady boundary layer develops on the wall and in order
to take _nto account t_e fact that the boundary ]ayer thickens initially
proportional to t I/2, Ray]eigh variables defined by
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u : U _ e = eI erf n + e2 _ , n - , (36)On' 2Y-_
were used. Here the functions _ and @ are definedby
where I(n) is the integral of the error function
1 e- nI(n) = err ndn = n erf n + _ - 1 (38)
0
In this formulation(refs. 15 and 16), it is desirableto decompose O_ into
two parts accordingto O_ = 01 + 02, both of which are of one sign for all
x; the followingdecompositionis not uniqueand was obtained by trial and
error
° [ ]i,2
(x - x_)2 + 3
0 l(x,t) = 5/2 e-Sds ' (39)
0 [(x- Xh)2 + yh2 + Zh2]
e2(x,t) = e_(x,t) - el(X,t)
This was found to give satisfactory results.
A set of two coupled equations for _ and @ is readily obtained
from equations (29) and (30). A mesh was selected in the _n plane and the
boundary-layer solution was advanced forward from t : 0 using a
Crank-Nicolson type method (refs. 15 and 16). For a given value of t, the
solution at _ = +I was advanced on time step and then the solution in the
interior I_I < l-couldbe computed iteratively. In a typicalcomputation,
the outer flow conditionswere imposedat n = 6 as an approximation,the time
step was At = 0.002 and there were 201 and 121 mesh points in the _ and n
directionsrespectively.
The completedevelopmentof the flow patterns in the symmetryplane is
describedin reference16 and here only a brief summary is given. Shortly
after the initiationof the boundary-layermotion, separationwas observed to
occur in the form of regionsof recirculation. Unlike two-dimensional
separationin which the streamlinesform closed loops, the three-dimensional
separationsobserved here involvea spiralmotion toward a focus as depicted
in figure 8, where the instantaneousstreamlinesat t = 0.05 are plotted.
The point labelledFl is a focus at which the instantaneousflow is leaving
the symmetryplane; streamlinesnear Fl all spiral in toward the focus. The
stagnationpoint Sl is a saddlepointof detachmentand along the limiting
streamlineemanatingfrom Sl the flow is away from the wall and toward the
focus at FI. As useful pointsof reference,the instantaneousstreamwise
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locations of the hairpin vortex head and the two-dimensional portion of the
vortex are indicated at the top of figure 8 by the square and triangular
symbols respectively. It may be observed that the significant developments in
the boundary layer are occuring behind the two-dimensional part of the
vortex. At a later stage, as the hairpin legs approach the wall, multiple
stagnation points appear in the flow on the wall (ref. 16) and the flow
patterns become rather complex. However the important point is that the
latter stages of the integration are characterized by rapid boundary-layer
growth on the symmetry plane in the region behind the two-dimensional part of
the vortex; the growth occurs in several locations corresponding to those near
the current streamwise positions of the vortex legs as well as behind the
heads of the subsidiary hairpin vortices.
DISCUSSION
In this study, some aspects of the dynamics of hairpin vortices in a
shear flow near a wall have been examined on a theoretical basis. The results
of the present investigation support and complement the findings of the flow
visualization studies of Acarlar and Smith (refs. 4 and 5). In particular,
specific conclusions are: (I) Hairpin vortices in a shear flow develop
subsidiary hairpin vortices which spread and multiply in the spanwise
direction and (2) convected hairpin vortices induce a pressure distribution
near the wall which ultimately leads to strong boundary-layer growth in the
region behind the vortex. In relation to this last point, it is reasonable to
expect that, as the rapidly thickening boundary layer penetrates out into the
inviscid region, a roll-over into a new secondary hairpin vortex will occur.
Such an event constitutes a strong unsteady viscous-inviscid interaction.
Although it has not been possible to compute the evolution of the interaction
using the methods described in this paper, the experimental results of Acarlar
and Smith (refs. 4 and 5) confirm that secondary hairpin vortices do evolve in
the manner described here. This process is clearly regenerative and shows how
one hairpin vortex can lead to the creation of another through an interaction
with the viscous flow near the wall. Finally it is worthwhile to note that
the boundary-layer evolution has been computed only on the symmetry plane in
this study. It is entirely possible that the interaction between the boundary
layer and the outer inviscid flow may initiate at an earlier stage at
locations off the symmetry plane. Previous studies of vortex motions in two
dimensions (refs. 6, 7, and 15) indicate that a vortex will evoke an eruptive
response from the viscous flow near the wall more rapidly if the vortex is
stronger and/or is moved closer to the wall. In the present case, the closest
approach to the wall is made by the hairpin vortex legs at locations off the
symmetry plane; it is in this region where the most violent boundary-layer
response might be anticipated.
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